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Abstract 

General aspects of the quantization of field theories non-local in time are dis- 
cussed. The path integral on the basis of Schwinger's action principle and the 
Bjorken- Johnson-Low prescription, which helps to recover the canonical structure 
from the results of the path integral, are used as the main machinery. A modified 
time ordering operation which formally restores unitarity in field theories non-local 
in time is analyzed in detail. It is shown that the perturbative unitarity and the 
positive energy condition, in the sense that only the positive energy flows in the 
positive time direction for any fixed time-slice in space-time, are not simultaneously 
satisfied for theories non-local in time such as space-time noncommutative theory. 

1 Introduction 

The quantization of field theories non-local in time is problematic. First of all, no canonical 
formulation of such theories is known since a sensible definition of canonical momenta 
is not known, and the violation of unitarity appears to be the general aspects of such 
theories[l]. This issue has re-appeared in the recent study of space-time noncommutative 
theories[2, 3, 4]. An interesting new development in this subject is that a suitable modified 
definition of time-ordering operation restores the perturbative unitarity in space-time 
noncommutative theory [5, 6, 7], though its consistency with other basic postulates in 
conventional quantized field theory remains to be clarified. 

We discuss the issues related to unitarity and the modified time ordering prescription 
on the basis of a recent paper [8], which analyzed these issues by using path integral 
formulation and the Bjorken- Johnson-Low (BJL)[9] prescription. 



2 Quantization of higher derivative theory 

We present a path integral formulation of higher derivative theory and then show how 
to recover the canonical structure from the path integral. For simplicity, we study the 
theory defined by 

£ = l -d^{x)d^(x) + X^(x)n 2 4>(x) (2.1) 

where 2 □ = d^d^ and A is a real constant. The canonical formulation of higher derivative 
theory such as the present one has been analyzed in [10], for example. 

1 Talk given at SI2004, Fuji-Yoshida, Japan, August 12-19, 2004 (to be published in the Proceedings). 
2 Our metric convention is — (1,-1,-1,-1). 
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We instead start with Schwinger's action principle and consider the Lagrangian with 
a source function J(x) 

Cj = ^<f>(x)d^(x) + \^<t>{x)n 2 <j)(x) + J(x)<f>(x). (2.2) 

The Schwinger's action principle starts with the equation of motion 

(+00 1 - n}(x) + AD 2 0(x) + J(x)\ - oo)j 

= { - D ^y + xn ' 2 Jw) + J{x)}{+C ° l ~ °° >J = °- (2 - 3) 

We here assume the existence of a formally quantized field 0(x), though its detailed 
properties are not specified yet, and the asymptotic states | ± 00) j in the presence of a 
source function J(x) localized in space-time. The path integral is then defined as a formal 
solution of the above functional equation 

(+00 1 - 00) j = J V<pexp{i J d 4 xCj}. (2.4) 

We now define the Green's function by 

5 5 

(+~r*(x)0(y)|-oo> = — — (+001-00)^ 

= . 1 : M x-y). (2.5) 

in — ie — An 2 ; y 1 

This Green's function contains all the information about the quantized field. 

The BJL prescription states that we can replace the covariant T* product by the 
conventional T product when 

Jta jd^-^r^m - 00) = 11 M i5T -i w = 0. (2.6) 

Thus we have 

/ d 4 xe^-")(+oo|r#(x)0(y)| - 00) = p + ^ A(fc2)2 - (2-7) 

By multiplying a suitable powers of the momentum variable k^, we can recover the canon- 
ical commutation relations. For example, 

k^J d A xe lk{x - y \+oo\T4>{x)4>{y)\ - 00) 

' d A x{-id?e ik{x - y) ){+oo\T4>{x)4>{y)\ - 00) 

J d A xe lk{x - y) {{+oo\Tid*4>{x)4>{y)\-oo) 

+iS ( x °- y °)( +00 \[j ) (x),j>(y)]\-oo)} 
ik,. 



k 2 + ie + \{k 2 ) 2 ' 

2 
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An analysis of this relation in the limit k — > ioo gives 
6(x -y°)[fa),$(y)]=0, 

J d^e^{(+oc\Ti^(x)M ~ oo> = fc2 + J^ A(Jfc2)2 - (2-9) 



Note that the limit &o — > ioo of the Fourier transform of a T product such as (+oo\Tid^(j>(x)(f)(y)\- 
oo) vanishes fry definition. 

By repeating the procedure with (2.9), we obtain 





-y°)[4>(x),4>(y)} = 0, 




S(x° 


- y°)[d 4>(x),]>(y)} = 


o, 


S(x° 


- y°)[d 2 J(x),4>(y)} = 


o, 


5(x° 


-y°M4>(x),4>(y)}^ 


y^\x- y ), 


5(x° 


-y )[d ^x),d^(y)} 


= 0, 


5(x° 


~y°)[d^(x),do4>(y)] 





(2.10) 

The general rule is that the commutator 

$ m) (xU®(y)]6(x -y )*0 (2.11) 

where m + I = n — 1 for a theory with the n-th time derivative. Here (j>®(x) stands for 
the 1-th time derivative of 4>(x), <j)®(x) = g^m <p(x). We thus derive all the canonical 
commutation relations (2.10) from the path integral defined by the Schwinger's action 
principle and the T* product, and those commutation relations naturally agree with the 
relations derived by a canonical formulation of the higher derivative theory [10]. 

3 Quantization of a theory non-local in time 

We examine a non-local theory defined by 

Cj = -±<f>( x )n[(l>(x + Z) + <j>(x-Z)] + J(x)<j>(x). (3.1) 
A formal integration of the Schwinger's action principle gives a path integral 

(+oo| - oo)j = J £></>exp{2 J d 4 xCj}, (3.2) 
which in turn leads to the correlation function 

/jWM(Pfc)to) = w ^± r —^ . (3.3) 

For a time-like vector £, which may be chosen as 0,0,0), the right-hand side of this 
expression multiplied by any power of ko goes to zero for k along the imaginary axis in 



the complex k plane. Thus the application of BJL prescription leads to (for any pair of 
non-negative integers n and m) 

$ n \x),ft m \y)}8(x -y°)=0 (3.4) 

where <fi( n \x) stands for the n-th time derivative of <p(x) as in (2.11). This relation is 
consistent with the iV — > oo limit of a higher derivative theory obtained by a truncation 
of the power series exapansion of e ±l ^ at the iV-th power in the starting Lagrangian (3.1). 
We next analyze a theory which contains a non-local interaction 

1 m 2 

C = -d^4>{x)d^(t){x) - —4>(x)(f)(x) 

- 9 -[<t>{x + 0<f>(x)4>(x - + <f>(x - m^ix + 0] + <f>(x)J(x) (3.5) 

where £ M is a constant four-vector. This theory is not Lorentz invariant because of the 
constant vector When one chooses £ M to be £ M = 0,0,0) with £° > 0, the 
quantization of the above theory is analogous to that of space-time noncommutative 
theory. 

One may study the path integral quantization without specifying the precise quan- 
tization condition of field variables. One may thus define a path integral by means of 
Schwinger's action principle and a suitable ansatz of asymptotic conditions as in (3.2) 

(+oo| — oo)j = J V(pcxp[i J d A xCj]. (3.6) 

One may then define a formal expansion in powers of the coupling constant g. We study 
one-loop diagrams in a formal perturbative expansion in powers of the coupling constant 
g by starting with a tentative ansatz of quantization 

which is equivalent to a canonical quantization of free theory. One-loop self-energy dia- 
grams contain the contribution 

2 

which contains the finite non-local terms separated up to the order of ~ 3£. 



J dW#(x)0(y)(T>(x + O0(y - 0){T^{x - 04>{y - 20) (3-8) 



This term in (3.8) gives rise to 

= ^ dx[e i( - 2 ~ X ^ P I c-^-^P] J°° da c ia\x(l-x)p 2 -m 2 +ie)]-i^: _ ^ g-j 

Following the conventional approach, we define the integral for a Euclidean momentum 
Pn, for which p 2 < 0. In this case, one can deform the integration contour in the variable 
a along the negative real axis and obtain 



L 



da 



a v 



for £ 2 < 0. Here Hq \z) stands for the Hankel function which has an asymptotic expansion 
for \z\ — > oo 




(3.11) 



for — 2n < axgz < n. 

We thus find that for p — > ioo 

r ^L e i a [x(i-x)p»-m»+u)]-i^ „ -Tn/Ae-* (3.12) 
Jo a V 

with z = \J (— £ 2 )[— x(l — x)p 2 + m 2 — ie) for a space-like £, £ 2 < 0. On the other hand, 
we have a damping oscillatory behavior for p — > zoo, 

Z" 00 da e ia[x(l- X )pZ-m*+ie)]-i£ _ _^ /_?_ e (-«+*i ) ( 3 .1 3 ) 

Jo a \ iiz 

with z = (£ 2 ) [— x(l — x)p 2 + m 2 — ie) for a time-like £, £ 2 > 0, which is defined by an 
analytic continuation. 

When one writes the (complete) connected two-point correlation function with one- 
loop corrections as 

(T^(x)j>(y))ren = [ ^ 2y( \ ' ( 3 ' 14 ) 

J (27r) 4 p 2 + g 2 h(p,Q - m 2 + ie 

the two-point function generally contains the non-local term in g 2 £(p, £). When one 
applies the BJL prescription to the two-point correlation function, for the time-like £ 
for which we may take £ = (£°,0), g 2 £(p, £) diverges exponentially for p — > ioo. This 
arises from the behavior of the factor [e l( - 2 ~ x ^ p + e~ l ^ 2 ~ x ^ p ] in (3.9) for p — > ioo and 
£ = (£°,0), which dominates the damping oscillatory behavior (3.13) 3 . The canonical 
structure specified by the BJL analysis is thus completely modified by the one-loop effects 
of the interaction non-local in time. After one-loop corrections, we essentially have the 
same result (3.3) as for the non-local theory (3.1). The naive ansatz of the two-point 
correlation function at the starting point of perturbation theory (3.7) is not justified. 

Nevertheless, it is instructive to examine the formal perturbative unitarity of an S- 
matrix defined for the theory non-local in time. One may start with a naive Hamiltonian 

H = l -Tl 2 {x) + iv0(x)V0(x) + l -m 2 <t>\x) 

+§[</>(* - ^{x)4>{x + + <f>(x + 0<f>(x)<t>(x - 0] (3.15) 

where x M = (0,5?) and £ M = (£°,0) , and U(x) = -^4>{x) is a naive canonical momentum 
conjugate to <f>{x). This Hamiltonian is formally hermitian, H) = Ti, but Ti is not local 

3 The non-vanishing imaginary part of .g 2 S(p, £) in (3.13) for the Euclidean momentum given by p — > 
ioo is associated with the violation of unitarity in the present theory non-local in time [2, 3, 4]. 
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in the time coordinate and does not generate time development in the conventional sense 
for the small time interval At < £°. 
One may then observe that 

S(t+, t-) = e i6ot +e -iH{t+-t-) e -iti t- (3 16 ) 

for H in (3.6) with H the free Hamiltonian is unitary, S(t+, t_) 1 "S'(t + , t-) = S(t+, t-)S(t+, t-Y 
= 1. The formal power series expansion in the coupling constant 4 

00 (—i) n ft+ rt+ 
S(t + ,t_) = ]T / dt i-- / dt n T ir (H I (t 1 )....H I (t n )) (3.17) 

with a hermitian 

H I (t)=e i6ot J d 3 x|[(/>(-e,f)(/>(O,f)(/)(e,f) + 0(e,x)0(O,f)0(-e^)]e~^ (3.18) 

thus defines a unitary S-matrix for t_ — > — oo, i + — > +oo. This definition of a unitary op- 
erator corresponds to the definition of a unitary S-matrix for space-time noncommutative 
theory proposed in [5, 6]. 

It is important to recognize that the time-ordering in the present context is defined 
with repect to the time variable appearing in Hi(t); if one performs a time-ordering with 
repect to the time variable appearing in each field variable 4>(x), one generally obtains 
different results due to the non-local structure of the interaction term in time. Since the 
operator S defined above is manifestly unitary, the non-unitary result in the conventional 
Feynman rules, which are based on the time-ordering of each operator <f>(x), arises from 
this difference of time ordering. 

When one defines 

/°° 
dtH^t), 
-OO 

I poo poo A ^ 

A 2 = - / / dhdhT+H^Hjih) 

Z J —oo J —oo 

/OO pOO ^ ^ 

/ dhdhOih - t 2 )H I {t 1 )H I {t 2 ) (3.19) 
-oo J —oo 

the unitarity relation of the above S-matrix in the second order of the coupling constant 
requires( see, for example, [6]) 

A 2 + A\ = A{A, = Aj. (3.20) 

To be explicit 

a 2 +4 = r r dhdhofa - * 2 ){#j(*i)#j(*2) + Hiit^Hiih)} 

J —CO J —oo 

dhdhWh - t 2 )Hr(ti)Hi(t 2 ) + 9(t 2 - tjHtfjHfa)} 

/oo ^ rco 

dhHfa) / dt 2 Hj(t 2 ) = A\ (3.21) 
-OO J —CO 

4 We use the notation T* for the time ordering in non-local theory, whereas T or T* is used for the 
conventional time ordering with respect to the time variable of each field variable <f>(x). 



CO J — oo 
oo roo 



oo J — oo 
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by noting 6{t\ — t 2 ) + 9{t 2 — ti) — 1, as required by the unitarity relation. 
In contrast, if one uses the conventional time ordering one has 

] roc roo 

A 2 = - / / dt 1 dt 2 T*H I (t 1 )H I (t 2 ) 

2t J — oo J —oo 

/CO POO A ^ 

/ dhdhOih - t^Hj^H^h) (3.22) 
-oo J— oo 

since the time ordering by T* is defined with respect to the time variable of each field 
4>(t, x), and thus the unitarity of the conventional operator 

00 (— j) n r+00 r+00 

S = £ ^-f- / dh.... / dt n T*(H I (t l )....H I (t n )) (3.23) 
n _g n\ J— 00 J ~oo 

is not satisfied for the non-local Hi(t) in general. Note that the perturbative expansion 
with the T* product is directly defined by the path integral without recourse to the 
expression such as (3.15). 

On the other hand, the positive energy condition, which is ensured by the Feynman 
propagator, is not obvious for the propagator defined by the modified time ordering T*. 
To be specific, we have the following correlation function in the Wick-type reduction of 
the S-matrix in (3.23) 

(O|2>(x-0*(V + 0|O> 

- / S «pH*((* -*)-<* + O V-Ufe ^ 

= e((x - 0° - (y + 0°) / exp[-^((* - 0° - (y + 0°) + ^{x - y)\ 

+0((y + 0° -(x- 0°) / e W [-M(y + 0° - (* - 0°) + <£(y - £)] 

with uj = \Jk 2 + m 2 for the conventional Feynman prescription with m 2 — ie, which ensures 
that the positive frequency components propagate in the forward time direction and the 
negative frequency components propagate in the backward time direction and thus the 
positive energy flows always in the forward time direction. The path integral with respect 
to the field variable <f>(x) gives this time ordering or the T* product. 

In comparison, the non-local prescription (3.17) gives the following correlation function 
for the quantized free field in the Wick-type reduction 

(o\t^(x - 0<J>(y + m 

= o(x° - y°) J ex P [-M(* - o° - (y + 0°)) + - y)\ 

/el h — * 
exp[-™((l/ + 0° - (x - 0°) + ik(y- x)] (3.25) 

where the time-ordering step function 6(x° — y°), for example, and the signature of the 
time variable (x — £)° — (y + £)° appearing in the exponential are not correlated, and it 
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allows the negative energy to propagate in the forward time direction also. This result is 
not reproduced by the Feynman's m 2 — ie prescription. When one considers an arbitrary 
fixed time-slice in 4-dimesional space-time, the condition that all the particles crossing 
the time-slice carry the positive energy in the forward time direction, which is regarded 
as the positive energy condition in the path integral formulation [11] (or in perturbation 
theory in general), is not satisfied. This positive energy condition is crucial in the analysis 
of spin-statistics theoremfll, 12], for example. 

We thus summarize the analysis of this section as follows: The naive canonical quanti- 
zation in a perturbative sense is not justified in the present theory non-local in time when 
one incorporates the higher order corrections. The unitarity of the (formal) perturbative 
S-matrix is ensured if one adopts the T* product, but the positive energy condition is not 
satisfied by this prescription. On the other hand, the unitarity of the S matrix is spoiled 
if one adopts the conventional T or T* product which is defined by the path integral, 
though the positive energy condition and a smooth Wick rotation are ensured. 

4 Space-time noncommutative theory 

We study the simplest noncommutative theory defined by 

1 TV? 

£j = AQi?) * d»4>{x) - —4>{x) * <j>{x) 

-^(f){x)*<j)(x)*<f){x) + <f)(x)* J(x) (4.1) 
where the * product is defined by the so-called Moyal product 

<j>{x)*<f>{x) = e^W d U(x)<P(y)\ y=x = e^ A9 y^(x)<P(y)\ y=x . (4.2) 

The real positive parameter £ stands for the deformation parameter, and the antisymmet- 
ric parameter 9^ u = —9 Ufl corresponds to i^O^ = x v \ ; since this theory is not Lorentz 
covariant we consider the case 9° l = —9 t0 ^ for a suitable i but all others 6^ = in the 
following. The path integral is then defined as a formal integral of the Schwinger's action 
principle 

(+oo| - oo)j = J V(pexp[i J d 4 xCj]. (4.3) 

It has been argued [13] that the present theory is renormalizable in the formal pertur- 
bative expansion in powers of the coupling constant g starting with 

which is equivalent to a canonical quantization of free theory. The one-loop self-energy is 
given by 
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-g 2 f d 4 k 2 .£ 

' ■ cos {-p A k)- 



2 J (2n) 4 v T ((p - k) 2 - m? + ie) (k 2 - m 2 + ie) 
_ g 2 r d 4 k 1 + cos(£p A k) 

~ T J (2vr) 4 ((p - fc) 2 - m 2 + ie) (P - m 2 + ie) ^ 

Since the term without the factor cos(£p A k) is identical to the conventional theory, we 
concentrate on the term with cos(£p A k) 



-g 2 r d 4 k 
~%~ J J2n) 

ig 2 da r 1 J __ ia r,M_,w»-m 2 +fci-i££ 



/ ^!^r e *PA* + e -iepAfci r d r 1 ia[k 2 +x(1 _ x)p ^ m 2 +le] 
J 2tt 4[ l Jo Jo 



(2tt)< 

V-l An, P~\ 

(fie™^ 1- * tt '"'^" (4.6) 



4(47r) 2 Jo a Vo 



where 



p" = 6">„. (4.7) 
See also (3.10). For space-time noncommutative theory with 9 m ^ 0, for example, p 2 ~ 
Pi ~~ Poi an d f° r space-space noncommutative theory with 6 23 ^ 0, for example, p 2 ~ 
—p\ — p\. We thus obtain by using the result in (3.10) 

non- planar 
- „(2), 



. , ^ )2 //^(-^(-ep 2 )[-x(l - x)p 2 + m 2 - ie)) (4.8) 

for £ 2 p 2 < 0, namely, for space-space noncommutative theory. For space-time noncommu- 
tative theory, for which £ 2 p 2 can be positive as well as negative, one defines the amplitude 
by an analytic continuation. 

As for the consistency of the naive quantization (4.4), it is important to analyze the 
self-energy correction in 

<t>(^ (! ,)>„„ = / g^- ^ + g 4, ;) _ ro? - («) 

If E(p, £) contains a non-local exponential factor, the naive quantization is not justified 
in the framework of the BJL prescription as we explained for the simple theory non-local 
in time in the previous section. By using the asymptotic expansion in (3.11), it is shown 
that the naive quantization (4.4), either in space-space or in space-time noncommutative 
theory, is not modified by the one-loop corrections in the framework of BJL prescription. 
This is in sharp contrast to the simple theory non-local in time analyzed in the previous 
section. This difference arises from the fact that Ppfi^Pv = and thus the two-point func- 
tion, which depends on the single momentum p n , does not contain an extra exponential 
factor in the present space-time noncommutative theory. Although our analysis does not 
justify the naive quantization to the non-perturbative accuray, it provides a basis of the 
formal perturbative expansion in the present model [14]. 

As for the analysis of unitarity, the argument is almost identical to that for the simple 
non-local theory in the previous section. The one-loop self-energy amplitude in the path 
integral formulation (4.6) is obtained from (3.9) by replacing 

e^ep 2 (4.10) 
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except for the exponential prefactor. The amplitude for the Euclidean momentum ex- 
hibits oscillatory behavior with a non-vanishing imaginary part for the space-time non- 
commutative theory; this indicates the violation of unitarity [2, 3, 4] in the path integtal 
formulation with the conventional time-ordering. On the other hand, the amplitude for 
the space-space noncommutative theory is real and exponentially damping for the Eu- 
clidean momentum, and thus no violation of unitarity in the conventional time-ordering. 
See also (3.12) and (3.13). 

On the other hand, the analysis of unitarity on the basis of modified time-ordering [5, 6] 
starts with 

S(t+,tJ) = e i6ot +e -iH(t+-t-) e -iH t- ( 4U ) 

which is unitary 

S(t+, t-) j S(t+, f_) = S(t+, t-)S(t+, t-) f = 1 (4.12) 
where the total Hamiltonian H = J d 3 xH is defined by 

H = ^n 2 (0,f) + -V^(O,f)V0(O,f) + ^m 2 2 (O,f) 

+ ^[0(O,f)*0(O,f)*^(O,f) + / i .c] (4.13) 

with the naive canonical momentum H(x) = -£$(f>(x) conjugate to the variable <j>(x). See 
[15] for a different approach to the Hamiltonian formulation of space-time noncommutative 
theory. 

The modified time ordering for the non-local Hamiltonian (4.13), which defines a 
unitary S-matrix (4.11) in a perturbative expansion, however spoils the positive energy 
condition [8] in the sense that only the positive energy flows in the positive time direction 
for any fixed time-slice in space-time, just as (3.25) in the naive theory non-local in time 
in the previous section. 

5 Conclusion 

We discussed some of the basic aspects of quantized theory which is non-local in the 
time variable on the basis of path integral quantization. We analyzed the recent proposal 
of the modified time ordering prescription [5, 6], which generally defines a unitary S- 
matrix for theories non-local in time. It has been shown that the unitary S-matrix has 
certain advantages but at the time it has several disadvantages, and the perturbative 
positive energy condition and Wick rotation to Euclidean thoery, which are ensured by 
the Feynman's m 2 — ie prescription in the path integral, are spoiled. The modified time 
ordering needs to be examined further whether it is consistent with other basic postulates 
in quantized field theory. 
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